Two-phase partitioning bioreactors (TPPBs) support the removal of volatile organic compounds (VOCs) from contaminated gaseous emissions at unprecedented rates and concentrations. TPPBs are biological multiphase systems provided with a non-aqueous phase (NAP) with high affinity for the target VOC. Although modeling of TPPBs is a research field that has rapidly evolved, recent experimental findings such as the direct VOC uptake from liquid NAPs and the quantification of simultaneous partial mass transfer coefficients have not been incorporated yet in a comprehensive mathematical description. In this work, a mathematical description of TPPBs, including continuous aqueous phase renewal and potential VOC uptake directly from the NAP, was developed. Model simulations indicated that TPPB performance can be enhanced by improving the partial mass transfer coefficient between the gas and the NAP (by increasing the contact between the gas and the NAP). The model also showed that microorganisms with half-saturation constants < 5 g m -3
Introduction
Two-phase partitioning bioreactors (TPPBs) devoted to air pollution control are multiphase systems based on the addition into a biological process of a non-aqueous phase (NAP) with high affinity for target gaseous pollutants [1] . TPPBs support the biological removal of volatile organic compounds (VOCs) from contaminated gaseous streams at unprecedented rates and concentrations [2, 3] . The presence of the NAP improves the transfer of hydrophobic VOCs from the gas to the microorganisms and overcomes operational issues induced by the toxicity of some hydrophilic VOCs [4] . Moreover, most NAPs used for TPPB implementation show a high affinity for O2 and consequently, the increase in the VOC mass transfer in TPPBs is concomitant with an increase in the O2 transfer rate, enhancing the opportunities for complete VOC mineralization [5, 6] . Thus, the VOC biodegradation performance in TPPBs is often superior to that recorded in conventional biological gas treatment systems [7, 8] .
Modeling of TPPBs is a research field that has rapidly evolved, bringing key insights on the mechanisms underlying VOC biodegradation and identifying relevant experimental research niches for the optimization of this technology platform. For instance, Cruickshank et al. [9] described the strong impact of O2 limitation on the performance of TPPBs by means of a comprehensive mathematical model. The key role of the biological kinetic parameters (particularly the VOC half-saturation constant KS) on the performance of TPPBs was anticipated by the mathematical description proposed by Fazaelipoor [10] . Likewise, the occurrence of a direct VOC uptake in the NAP was early proposed in the mathematical description of the benzene vapor removal in TPPBs by Nielsen et al. [11, 12] The impact of the NAP addition on the VOC absorption in TPPBs has been better understood from the modeling approach of Dumont et al. [13, 14] .
Mechanistic models for TPPBs using solid NAPs are also available in the literature [15] . However, although such models can give useful information they cannot be directly applied to TPPBs using liquid NAPs.
The increased pace of experimental studies in TPPBs conducted in the past 10 years has significantly expanded our understanding of the complex mass transfer phenomena and substrate uptake mechanisms, which constitute the fundamental processes governing the performance of these multiphase systems [5, 8] . Recent experimental findings confirmed the direct VOC uptake from liquid NAPs in some instances, opening new possibilities for the development of highperformance TPPBs [16, 17] . Moreover, the quantification of simultaneous mass transfer pathways established in TPPBs has been recently reported for O2 by determining partial mass transfer coefficients [18] . However, this fundamental knowledge recently gained in microbiology and mass transfer aspects has not been incorporated yet in a comprehensive mathematical description of TPPBs.
In this work, a novel mathematical description of TPPBs accounting for the last experimental findings reported in the literature was proposed. A comprehensive description of the complex mass transfer phenomena occurring simultaneously in TPPBs was done by means of partial mass transfer coefficients for both VOC and O2. The model also features potential VOC/O2 uptake in the NAP and continuous aqueous phase renewal (usually done to avoid nutrients limitations and remove inhibitory metabolites). Finally, the results obtained from a sensitivity analysis and model simulations were compared with recent experimental data, critical research niches being identified and discussed.
Mathematical model

Two-phase partitioning bioreactor
The TPPB considered in this work was a standard stirred tank reactor operated with silicone oil as a NAP. Silicone oil was selected since it is the most investigated NAP in TPPBs devoted to air pollution control [1, 5] . In addition, silicone oil is, to the best of our knowledge, the only liquid NAP so far reported that is fully biocompatible, water immiscible and non-biodegradable [19, 20] .
The gas phase consisted of an air stream laden with a single VOC continuously introduced to the reactor, while the aqueous phase consisted of a diluted nutrients solution renewed at a constant flow rate. The mathematical model was based on the following parameters: liquid phase composition, gas and water flow rates, VOC and O2 concentrations (in gas, NAP and water), VOC and O2 partition between phases, mass transfer coefficients between phases and kinetics of microbial growth. A constant temperature of 25°C was considered for model simulations (the kinetic, mass transfer and partition coefficients used were obtained at this temperature).
Model assumptions
The following key assumptions were made in order to provide a standardized modeling framework:
(i) the TPPB was operated under complete mixing conditions; (ii) the microbial kinetic parameters remained the same regardless of the liquid phase the microorganisms grow; (iii) the specific microbial decay rate accounted for 10% of the maximum specific growth rate [21] ; (iv) the gas holdup was assumed to remain at 10% relative to the total working volume regardless of the NAP percentage [22, 23] ; and (v) the TPPB performance was not affected by the dynamic viscosity of the NAP at oil percentages ranging 10-20% (the hydrodynamic conditions were not taken into account in the model).
Model equations
The mathematical model was based on mass balances for biomass in both NAP and aqueous phase as well as on mass balances for VOC and O2 in the gas, NAP and aqueous phase. A double Monodtype equation was used to describe the specific microbial growth rate in both the aqueous phase (µW) and the NAP (µNAP) in order to account for the effect of O2 limitations:
Substrate inhibition was not considered in the present work since TPPBs are mainly used for the removal of very hydrophobic VOCs at low loading rates (conditions commonly resulting in mass transfer limitations). However, inhibition can be easily incorporated in the model by using a Haldane-Andrews type kinetics.
The balance for biomass in the aqueous phase was described by:
Likewise, the balance for biomass in the NAP was described as:
The aqueous phase and the NAP are continuously renewed to provide nutrients, remove potentially inhibitory metabolites and avoid excessive biomass accumulation. However, in the studies used for validating the model of the present work any author indicates NAP renovation due to the relative short length of the experiments (lower than 2 months). In any of the TPBBs performed in stirred tank have been reported uncontrolled or planned losses of NAP. Accordingly, the purge term of NAP were simplified (QN=0) for these specific cases.
The need for water renewal during VOC removal in TPPBs has been consistently pointed out by several authors [16, 17, 23] . On the other hand, the mass balance for VOC in the gas phase was described as follows:
)
The rate of VOC accumulation in the aqueous phase and in the NAP was described by Equations 6 and 7, respectively:
The balance for O2 in the gas phase was described using Equation 8:
The rate of O2 accumulation in the aqueous phase and in the NAP was described by Equations 9 and 10, respectively:
Model solution
The resulting set of ordinary differential equations (Equations 3-10) was solved using MATLAB ® in a home-made modeling environment. A variable order method based on the numerical differentiation formulas (NDFs) was used for solving Stiff differential equations. The maximum time step used in the numerical solution routine was set at 1 h. Despite the model was solved for dynamic conditions, only steady state removal rates were considered to perform comparisons.
Data compilation
Kinetic, partition and mass transfer parameters
A literature review was carried out in order to compile the available experimental data on kinetic, partition and mass transfer parameters required by the mathematical model here proposed. This step was very important to set the typical values for the above referred parameters and to perform both the sensitivity analysis and the subsequent model validation. Table 1 summarizes the kinetic and stoichiometric parameters reported for aerobic VOC-degrading microorganisms. It must be stressed that TPPBs are mainly used for the removal of hydrophobic and moderately hydrophilic VOCs such as hexane, methane, BTEX or dichloromethane [5, 13] . However, a highly hydrophilic VOC (acetone) was also considered in order to investigate the performance of TPPBs under a wide variety of VOC hydrophobicities. When the complete kinetic parameter dataset for a target VOC was not available in the literature, typical values for heterotrophic bacteria were considered according to Bailey and Ollis [25] (KO=0.288 g m -3 and YX/O2 = 0.558 g g -1 ). Moreover, when more than one kinetic or stoichiometric parameter was found for a particular VOC the mean value was used for model simulations. From Table 1 , it can be observed that μmax, KS and YX/S were available for most target VOCs. Nevertheless, there is a lack of experimental values for KO and YX/O2 regardless of the VOC. Hexane was the VOC with less reported kinetic data in the literature likely due its low water solubility (dimensionless Henry's law constant of 70), which severely hinders the determination of kinetic biodegradation parameters. Table 2 summarizes the partition parameters required by the mathematical model. Interestingly, there is abundant literature on VOC partitioning data in TPPBs, which can be explained by the fact that the NAP affinity towards the target VOC has been regarded as one of the most important design parameters for TPPBs devoted to air pollution control [3, 13, 22] . <Table 1> <Table 2>
Estimation of partial mass transfer coefficients for VOCs
Unlike the case of the VOC partition data, experimental data on partial mass transfer coefficients 
These authors demonstrated that the mass transfer coefficient of a given gas pollutant (kLaX) can be estimated from the coefficient of a reference gas (kLaref) experimentally determined in the same reactor under the same operating conditions as follows: 
Results and discussion
Model validation
The mathematical model developed was used to predict the RE reported in several case studies.
The operational conditions used in these works (e.g. VT, F, Q, ϕNAP) together with the required kinetic, stoichiometric and mass transfer parameters (Tables 1-3) were set in the model. Table 4 summarizes the operational conditions and the removal efficiency (RE defined as the percentage of inlet pollutant removed) recorded in the works used for model validation. Only experimental studies using silicone oil as a NAP were considered since all experimental partition coefficients required by the model ( (Fig. 1A) . Bailon et al. [35] evaluated dichloromethane removal at loading rates of 100 and 300 g m -3 h -1 . In this particular study, while the model yielded an accurate RE prediction for the first loading rate (case A), it overestimated the RE obtained at a loading rate of 300 g m -3 h -1 (case B). Such overestimation was attributed to the fact that dichloromethane is a toxic and relatively water soluble VOC (~700 and ~300 times more soluble in water compared with hexane and methane, respectively). This, together with the fact that 300 g m -3 h -1 is an unusually high loading rate, suggested that the TPPB was operated under inhibitory conditions. Therefore, the lack of substrate inhibition kinetics (e.g. Haldane-Andrews type kinetics)
in the model likely resulted in an overestimated RE.
<Table 4> <Figure 1>
The model underestimation of the REs reported by Rocha-Rios et al. [23] and Muñoz et al. [46] might be due to the fact that ( ) VOC
, the latter being obtained at an agitation speed of 300 rpm [18] , while the agitation speeds used by these authors were 800
and 400 ppm, respectively. This hypothesis was supported by the fact that the REs reported by
Hernandez et al. [16] and Muñoz et al. [17] for their control systems operated at an agitation speed of 300 rpm were accurately predicted by the model. Knowing other operational factors affecting the mass transfer coefficient estimation such as geometry of the impellers, interfacial tension, mixture rheology or temperature, would let a more accurately estimation of this parameter if data would have been available. Figure 1B shows the experimental RE values and the model predictions assuming no biomass growth in the NAP (and therefore no VOC uptake in the NAP). For this purpose, the model simulations were performed without biomass in the NAP (XNAP= 0). It was observed that the model predicted accurately the RE of dichloromethane [35] , which was the most hydrophilic VOC from the pool of pollutants studied. However, the model predictions largely underestimated the RE reported for hydrophobic VOCs (hexane and methane). Interestingly, the model underestimated the RE reported in those works operating the TPPBs at 300 rpm [16, 17] the NAP [16, 17] . Therefore, the fact that the model performed significantly better assuming VOC uptake in the NAP strongly suggested that even when biomass growth in the NAP was not considered in the experimental works it occurred. It can be hypothesized that the amount of biomass able to take up VOC from the NAP varies with the characteristics of the microbial community and the operational conditions (e.g. mixing characteristics, NAP dispersion degree). Therefore, the mathematical model predictions can still be improved if the XNAP value is optimized for each experimental work. In this regard, the experimental quantification of biomass concentration in the NAP seems to be feasible (e.g. measuring protein content in the organic phase), enabling a better model performance and improving the model-based design and operation of TPPBs.
Another critical research niche is the experimental determination of the partial VOC mass transfer coefficients. In this regard, it can be expected a better model performance by using experimental [17, 46] and Rocha-Rios et al. [23] , which highlights the relevance of the experimental determination of the partial mass transfer coefficients for the VOC. <Figure 2>
Sensitivity analysis
A sensitivity analysis was performed in order to identify the parameters exhibiting the highest influence on model predictions. The analysis was performed using typical operational conditions for TPPBs. The VOC removal efficiency (RE) was used as the performance state variable according to Equation 13: ( )
Model sensitivity was assessed by increasing and decreasing the values of the parameters and predicting the corresponding relative change in RE. Thus, process parameters were varied from 0.2 to 5 times relative to the initial values given in Table 5 . Toluene was selected as the reference VOC to set the initial parameters for the sensitivity analysis since it is neither extremely hydrophobic nor hydrophilic [5] . The results obtained from the sensitivity analysis were classified by type of parameters (e.g. operational, mass transfer, partition and kinetic parameters). The gas flow rate (F) as well as the NAP fraction (ϕNAP) were the most relevant operational parameters in terms of RE sensitivity (Fig. 3A) . The gas flow rate is a parameter related with the contact time between the pollutant-laden gas stream and the liquid phases. Thus, an increase in the gas flow rate will result in a decrease of the gas contact time with both water and NAP, which in turn would result in a lower VOC removal performance. Indeed, the sensitivity analysis showed a decrease of 22% in the relative RE when doubling the initial gas flow rate. Conversely, a reduction of the gas flow rate by a factor of 5 would entail an increase of 20% in the relative RE. <Table 5> <Figure 3> Moreover, the high sensitivity of the model towards variations in NAP φ was in agreement with the literature. Several experimental works concluded that the NAP fraction is often one of the most important operation parameters in TPPBs [13, 18, 47] . The sensitivity analysis also showed that an increase in CGin will produce a significant increase in the RE. This indicates that under the similar operating conditions, the RE of a given VOC will increase with the inlet pollutant concentration.
Such enhancement can be attributed to an increased VOC concentration gradient between the gas and the liquid phases which finally improves the mass transfer performance in the TPPB and consequently also the microbial kinetics.
On the other hand, the predicted RE showed a higher sensitivity towards the gas-to-NAP transfer
, compared to those coefficients defining the transfer among the rest of phases (G/W and NAP/W) (Fig. 3B) . Interestingly, the gas-to-NAP transfer coefficient for O2 showed a marginal impact on the relative RE, which highlights the fact that the VOC transfer between the gas phase and the NAP is the key mass transport mechanism in the TPPB. These results strongly suggested that the VOC removal performance can be enhanced if the contact between the gas and the NAP is promoted. This observation was consistent with the hydrophobic character of toluene (highly affine for silicone oil) and underlines the relevance of the accurate characterization of the mass transport parameters in order to describe and predict correctly the RE recorded in TPPBs. Therefore, efforts on the experimental determination of the partial mass transfer coefficients must still be done.
The VOC equilibrium between the gas and the NAP ( VOC NAP G K / ) was by far the most relevant partition parameter in the model (Fig. 3C) . This result highlights the relevance of the NAP selection in order to implement TPPBs with a NAP highly affine for the target VOC. Thus, VOC-NAP pairs yielding is one of the most critical parameters in TPPB design [13, 36, 48, 49] . The model also showed a high sensitivity towards a decrease in
K / values. This means that a higher and positive impact on RE will be observed as the VOC become more hydrophilic, while a lower and negative impact on RE will be observed as the VOC become hydrophobic. These results were in agreement with the literature regarding TPPBs are systems particularly suitable for the treatment of hydrophobic VOCs [5] . Thus, the RE in a TPPB will not dramatically decrease when increasing the VOC hydrophobicity (high The maximum specific growth rate (µmax) was the most relevant parameter in terms of RE sensitivity, its impact on TPPB performance being much more important at lower values (Fig. 3D) .
It is worth noting that a marginal impact of µmax on RE was observed for values ranging 0.13-0.67 h -1 (variations in RE< 5%). Interestingly, µmax values within this range are common for aerobic heterotrophic microorganisms. Nevertheless, µmax values lower than 0.13 h -1 have been indeed reported for some VOCs such as methane, dichloromethane or acetone (Table 1) . Therefore, experimental efforts must be made in order to isolate microorganisms able to degrade these VOCs supporting µmax values > 0.13 h ), corresponding to microorganisms supporting a high affinity towards the VOC. These results were in agreement with Fazaelipoor [10] , who highlighted the relevance of low KS values for increasing TPPB performance. The sensitivity analysis here performed under the current operational conditions clearly identified VOC mass transfer rather than biological activity as the main limitation of the system. Overall, the outputs of the mathematical model were in agreement with the experimental findings so far reported in the literature.
Conclusions
An Table 4 . Table 5 . Table   4 . Table 5 . Table   Table 5 . Initial values for the parameters in the sensitivity analysis using toluene as the reference VOC. 
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